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Abstract

We describe a fast algorithm that searches for the k
most likely locations of a template in an image accord-
ing to the standard normalized correlations criterion. The
algorithm is exact; it always finds the best matches. lIts
speed is achieved by utilizing an acceptance-rejection prun-
ing scheme, applied to easily computed bounds on the nor-
malized correlation values. The main idea is to use priority
queues to decide the order in which the bounded matching
candidates need to be considered. Previously proposed re-
Jjection schemes require the value of a rejection threshold
that had to be provided or estimated from the data. Our
algorithm does not use such thresholds explicitly, but per-
forms as well as if the perfect rejection threshold is known.
The performance of the algorithm with respect to an ac-
ceptance threshold is non-optimal, but we show this has
little effect on the overall run time. Experimental results
show that the algorithm requires roughly 15 arithmetic op-
erations per pixel to search and detect the best match when
an accurate match exists. When an accurate match does not
exist the number of operations per pixel may be several hun-
dred. Our experiments show that these results compare fa-
vorably with previously proposed exact matching schemes.

1. Introduction

Much of the recent work on fast template matching is
based on the observation that many unlikely candidates can
be pruned with little computation. This can be done in a
probabilistic sense, rejecting candidates that are most likely
not a good match [0], or in an exact sense, utilizing bounds
on the match measure. Recent examples of the latter in-
clude [1,3,4,5,10].

All these exact methods utilize pruning using efficiently
computed upper bounds. Let 7T, be a threshold value with
the property that at least one matching candidate has value
of at least T,.. (For example, T, can be the match value

computed exactly for one of the candidates.) Then any can-
didate with an upper-bound value below 7. cannot be the
best match and can be pruned.

Pruning using upper bound values was shown to be very
effective when accurate threshold values are available. In
the studies described in [1, 4, 10] a good threshold is as-
sumed to be known; in [3, 5, 10] it is computed incremen-
tally as part of the algorithm. These studies have shown that
the performance of the pruning approach depends heavily
on the selected threshold. They proposed sophisticated and
expensive methods for computing such thresholds. In fact,
as reported in [3,5], in many cases the computations related
to threshold estimation dominate the overall performance of
the algorithm.

Observe that the best possible rejection threshold is the
value of the best match which is typically unknown. We de-
scribe an algorithm that behaves as well as if such threshold
is known. By this we mean that the algorithm never evalu-
ates the lower and upper bound values of a matching candi-
date if it would have been rejected by the optimal rejection
threshold. This requires precise monitoring of the lower and
the upper bounds of all candidates, which we implement in
a binary heap. In our experiments the binary heap cost is
non-negligible, but our experimental results show that the
total complexity of our algorithm is still superior to the cur-
rent state of the art.

The paper is organized as follows. Section 2 introduces
some of the notation that we use throughout the paper. Gen-
eral bounds on normalized cross correlation that can be
derived from orthogonal projections are discussed in Sec-
tion 3. Our particular choice of orthogonal projections is
the Walsh-Transform basis functions. The computational
aspects of this choice are briefly discussed in Section 4.
The algorithm that uses the bounds to perform the search
is discussed in Section 5. Experimental results are shown in
Section 6.
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2. Some Notation

We denote the template to be detected by A, and the can-
didates by y1, . . . ym. The candidates correspond to all pos-
sible locations in an image, so that m is typically very large.
Our goal is to compute the k£ best matches for A among the
m candidates. The match measure that we consider is the
normalized cross correlation, which is standard in computer
vision (see [7]). In vector notation it can be expressed as:

Ny

TR = 1

e))

Previous work on fast template matching using this mea-
sure include [5, 8]. Upper bounds on J(\,y) were derived
in [5] for the special case of disjoint subsets. We general-
ize that result to arbitrary orthogonal projections, and use
Walsh Transform kernels as the orthogonal projections. In
particular, we show how to efficiently compute lower and
upper bounds on J(\, y), with increasing degrees of accu-
racy. Let d denote the degree of accuracy, and let 1%(y;),
u?(y;) be the lower and the upper bounds on .J computed at
accuracy d. We assume that there is always a maximal de-
gree of accuracy that we denote by N. At N the bounds are
accurate. In summary, For all values of ¢ and d the bounds
satisfy:

(y) <1 (y) <NV (ys) = T (N wi)
<u

=V (y) < u () < uly)

—~

3. Bounding Normalized Cross Correlations

The template A and the candidates y1, . . . , y,, are viewed
as vectors in R™, where 7 is the number of pixels. Consider
a partitioning of R™ into the two orthogonal subspaces P
and ). Any vector z € R can be expressed as a direct
sum of its projections on P and Q:

T=2Tp+ Ty

We need the following form of Cauchy’s inequality [9] for
bounding the dot product of the two vectors A, y:

—[Allyl < XNy < [Ally]

Observe that

Ny = Noyp + g
Using the Cauchy inequality on )\;yq gives the following
bounds on normalized correlations:

)\;;yp - ‘)‘q‘|yq|
IAlly]

)\;;yp + |)‘q‘|yq|

<JIv(ANy) <
v(Ay) Aly]

When the orthogonal subspace P is defined in terms of
N orthogonal kernels vy, ..., vy it is possible to compute

the bounds at increasing degrees of accuracy by the fol-
lowing simple iterative scheme. The bounds at accuracy
d—1 are computed from the subspace defined by V;_; =
(v1,...,v4—1). The bounds at accuracy d are computed
from the subspace defined by V; = (v1,...,v4). Given
the bounds computed at degree d—1 and vy compute:

=\ g=uvpy 2)

Then apply the following update formulas:

ApYp < ApYp + fg
G )
|)‘q|2 — |)‘q|2 - f27 ‘yq|2 — ‘yq|2 _92

The iteration is initialized with:

MNop =0, AP = AP, gl =yl

4. Walsh-Transform Kernels

This section briefly describes the method used in our ex-
periments to evaluate projections on Walsh kernels. For al-
ternative methods see [1,4]. Let w be a Walsh kernel. The
projection of the image p on w can be expressed as follows:

pw = p(i, Juwi,j)=2 > pli,j) =Y pi))
i,j w(i,j)=1 ,J

=2R, — ago

where oy is the projection of p on the first Walsh kernel and
R,, is the sum of the pixel values in p over the rectangles
of “1” value in w. These sums can be computed using the
“integral-images” approach [ 1]. Therefore, the complexity
of this method is proportional to the number of corners in a
Walsh kernel.

5. The Algorithm

This section describes our main result: an algorithm that
uses lower and upper bounds to compute the k best match-
ing candidates. (There are only minor differences between
a version that detects the single best match and the one that
detects the k best matches.) The algorithm gets as input
a list G containing the set of all possible match locations
that are to be considered. It starts by computing the initial
bounds of degree 1 of accuracy for all candidates and then
prunes G with the k™ smallest upper bound. Among the
remaining candidates those with the k lowest lower-bound
values are put in the “A” list, and all other candidates are
put in the “B” list

A = the k candidates with largest u(y) in G @
B=G\A={yeGygA}
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Input: alist G of candidates.
1. Compute the initial bounds for all y € G.
2. Set L to be the k™ largest lower bound in G. Re-
move from G all y satisfying u(y) < L.
3. Compute the subsets A, B according to (4), and the
two extreme candidates yy, yx+1 according to (5).
4. Iterate:
4.1 If I(yx) > u(yx+1) terminate with A.
4.2 If u(yr) = u(yr+1):
4.2.1 Increase the accuracy of y; bounds.
4.2.2 Compute a new yj, according to (5).
4.3 If u(yr+1) > u(yk):
4.3.1 Optional Step:
Compute L = max({(yx), (Yr+1),
and remove candidates y satisfying:
u(y) < L from B.
4.3.2 Swap y;, in A with yx41 in B.
4.3.3 Compute new ¥y, Yyr+1 according
to (5).
Figure 1. The algorithm

Once the lists A, B are initialized, the extreme candidates
Yk, Yk+1 are computed according to

= argmin [
Yk = argmin (y)

_ ®)
Yk+1 = arg max u(y)

The following condition shows that the lists A, B are “sep-
arated” with A containing the k candidates with the best
matching values:

Uyr) > u(yr+1) (6)

We refer to this as the early-termination condition. If it
is satisfied, the algorithm terminates with the candidates in
A as the optimal solution. Otherwise, the bound accuracy
of the extreme candidate y;, is increased, until the early-
termination condition holds, or different extreme candidates
must be selected. The algorithm steps are detailed in Fig. 1.
A flowchart of the main iteration steps is shown in Fig. 2.

5.1. Correctness

The algorithm terminates at Step 4.1, whenever the
early-termination condition holds. This guarantees that all
candidates in A are better than any candidate in B.

To prove termination first observe that Step 4.2.1 is al-
ways reached with I, < uy, and thus its degree of accuracy
is below V. This cannot happen more than m N times. Sec-
ond observe that Step 4.3.2 decreases the value of wu .
Since there is only a finite number of possible upper bound
values (at most m /N for all candidates) this step cannot be
executed infinitely many times.

4. Iterate:

No
(here I, < up+1 < ug)
Yes 4.2.1: upgrade y.
4.2.2: new yy
No
43

(here up+1 > ug)
4.3.1: Optional step: prune.
4.3.2: Swap yj, with yj41.

Update A and B.
4.3.3: Compute new yi, Yi+1

Figure 2. Flowchart of the main iteration steps

5.2. Complexity

In this section we analyze the run-time complexity of the
algorithm. We show that the number of estimates of lower
and upper bounds required by this algorithm is nearly the
best possible.

The run time complexity consists of two components.
The first is the computation of lower and upper bounds, car-
ried out in steps 1 and 4.2.1. We refer to it as the inherent
complexity of the algorithm. The second component is the
creation and maintenance of the lists A, B, including the re-
peated computation of the extreme candidates y;, and yy 1.
We show that this can be done with priority-queues, and re-
fer to this component as the priority-queue complexity of
the algorithm.

5.2.1 Inherent complexity

As mentioned in Section | the inherent complexity of pre-
viously proposed algorithms depends on the accuracy of a
pruning threshold, corresponding to the match value of the
k™ candidate. We show that the algorithm performs nearly
as well as algorithms that have access to a perfect threshold.
Suppose we know the following two threshold values:

1,
T, =

The k'™ largest match value

The k+ 1% largest match value @
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Y2 Y2
— Uy Iy Uy

2 Y1
l, ———— w1 I ———————

Case I Case 11

Figure 3. An illustration for Theorem 1. Here k = 2, A =
{y1,y2}, and the extreme candidate in A is y;. In Case I the accu-
racy of y1 bounds is increased. This cannot lead to Case II, where
u; is to the left of 7’ and y; can be pruned. 7, must be on the
2nd best candidate, but there is only one upper bound to its right.
(Upper bound values of candidates in B are all to the left of u;.)

Then it is possible to apply the following optimal accep-
tance/rejection scheme:

it U(y) > T,
if u(y) <T,

accept y as part of the solution
reject (prune) y

®)

Therefore, the accuracy of the bounds on y need not be in-
creased if one of the conditions in (8) holds, but it must be
increased if none of them hold.

Theorem 1. The algorithm does not increase the bound ac-
curacy for a candidate that can be pruned with a perfect
threshold.

Proof. We need to show that whenever the bound accuracy
of y is increased then u(y) > T,.. The accuracy of y bounds
is increased in Step 4.2.1, where y is in A. Therefore, there
can be at most k — 1 candidates (all in A) with upper-bound
values strictly above u(y). These cannot include the can-
didate with the match value of T, since that one is the
k™ largest candidate, with at least ¥ — 1 candidates having
upper-bound values above it. [

See Fig. 3 for an illustration of the key observation. As
shown in Fig. 4 the algorithm is not optimal with respect
to the threshold T,,. Candidates that end up as part of the
optimal solution may be evaluated to higher accuracy than
necessary (if T}, is known). This applies to at most k candi-
dates.

5.2.2 Complexity analysis

In evaluating the inherent complexity we ignore terms that
are independent of the candidates and can be precomputed.
Let ¢ be the fixed cost per pixel of the preliminary computa-
tions. In our implementation this consists of the evaluation
of two integral images; one for computing sums of squared
pixel values (for computing norms) and the other for com-
puting pixel sums, that we use for computing projections on
the Walsh kernels. For the other terms define:

Y2 Y2
ly — u2

Case III Case IV

Figure 4. Here k = 1, and A = {y2}. In Case III, if the value of
Te is known, the algorithm can terminate with y» as the best can-
didate. The algorithm will not terminate, and will keep improving
the bounds of y2 until l2 > w1, as shown in Case IV.

pq - fraction of candidates evaluated at degree d.
cq - cost of updating bounds from degree d — 1 to d.
This gives the following formula for the inherent complex-

1ty:
N N-1
chdpd = MCqy Z pa + ecg
d=1 d=1

Here e is the number of exact computations of the match
measure, and ¢z is the cost of computing an exact match.
The value of ¢, is the (weighted) average cost of updating
a bound:

N-1
= Zd=1 CdPd
o = N—1
> a1 Pd
The per-pixel inherent complexity is:
N

. . - _ €
Inherent complexity per-pixel = ¢ + ¢, Z Pd + Cg—
d=1 m

Let ¢ denote the per pixel cost of inserting a candidate into
a queue, and let ¢ be the per pixel cost of initializing the
priority queues. We have:

Priority queue complexity per-pixel = ¢ + ¢

Combining the inherent complexity with the priority queue
complexity the per-pixel complexity of the algorithm is
given by:

N
€
et Gt G, ~ 9
g+c+q+c dgilpd—H:gm )

The value of fozl pq is bounded by N, but it is typi-
cally much smaller. It depends on the method in which the
bounds are computed but not on other implementation de-
tails of the algorithm. In particular, using Walsh kernels we
find that it grows very slowly as a function of [NV and can be
treated as a constant.
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5.3. An Implementation with Binary Heaps

We implemented the priority queues of both A and B as
binary heaps [2]. The A heap was implemented as a MIN-
HEAP, ranking the candidates in A according to their lower-
bound values, and the B heap was implemented as a MAX-
HEAP, ranking the candidates in B according to their upper-
bound values.

In this implementation, retrieving the values of the ex-
treme candidates yg, yr+1 as the top elements of the two
heaps is instantaneous. The two expensive operations are
the deletion of candidates (at Step 4.3.1 of the algorithm)
and the replacement of the candidate at the top of the heap
(at Step 4.3.2). We did not implement deletion as in Step
4.3.1. (As noted, this does not affect the correctness of the
algorithm.)

6. Experimental Results

This section describes experimental results with the al-
gorithm. The input for each experiment consists of an im-
age, a template, and the user selected parameters k, N. This
determines the values of the following parameters:

n - number of template pixels.

m - initial number of candidates. This is slightly less
than the number of image pixels since border locations
where the template cannot fully fit are not considered
viable candidates.

k - desired number of matches.

N - maximal degree of accuracy. At degree /N the match

value is computed exactly.

The following values are measured after termination:

qo - number of swaps used for creating the heaps.

q1 - number of swaps used for updating the heaps.

pq - fraction of candidates evaluated at accuracy d.
e - number of match measures computed exactly

The value of ¢, was taken as the number of corners of the
d™ Walsh kernel (see Section 4). The cost of computing a
match value exactly was taken as ¢g = 3n.

The cost per pixel of computing an integral image is 2
[11]. The cost per pixel of computing an integral image of
squared values is 3. Therefore, the value of ¢, the per-pixel
cost of computing the two integral images, is ¢ = 5.

There are two “machine-dependent” parameters that affect
the run-time:

H, : Cost of an arithmetic operation.
H, :  Cost of swapping two array elements.

The values of ¢, ¢ in (9) are proportional to Hy, and the
values of ¢, q are proportional to Hs. We count the run
time in terms of arithmetic operations per pixel, so that the

relevant term for comparing the two is the ratio:

T—Fl

(10)
We found the value of r to vary roughly in the range of 2 —
10, depending on the hardware used, the amount of memory
available, and the size of the array allocated for the heaps.
In our experimental evaluation we use » = 5. The terms
that appear in (9) are computed as follows:

qg = rqo/ﬂ? qg = rqg/m
P = Zﬁiv:_l1pd7 E = Eﬁ%
Co = Zd:_l pa/ P, ¢ = 5
55 = 3n

With this notation we can express the total cost in terms of
the following 6 components (see Eq. (9):

Total complexity = G+ ¢+ g+ co P+ F

We describe results of several experiments. In the first ex-
periment the varying parameter was the amount of noise
added to the template. In Experiment 2 we measure the al-
gorithm run time while changing the template size. Exper-
iment 3 compares the algorithm to the algorithm described
in [5]. Experiment 4 shows results with k£ > 1

Experiment 1

In this experiment we evaluate the performance of the al-
gorithm as a function of the amount of noise added to the
template. The experiment was performed on the follow-
ing 13 images from the USC database: “airport”, “boat”,

EEINNT3 9 < ELENT3

“clock™, “couple”, “drop”, “elaine”, “girl”, “jet”, “lenna”,
“man”, “mandrill”, “sailboat”, and “tiffany”. The Harris
corner detector was used to automatically select 5 templates
from each image, giving a total of 65 runs of the algorithm.
All images were 512 x 512, and the templates 64 x 64. The
value of N was kept constant at N = 100 Walsh kernels in
all runs. The various complexity components of the algo-
rithm, averaged over these runs, are shown in Fig. 5.

While there are modest increases in the values of P and ¢
the largest increase comes from the priority queue complex-
ity and the exact computation of matching values. The rate
of growth of the total as a function of the noise level appears
to be exponential, shown as a linear relation in the logarith-
mic plot. See Fig. 8 for the same total plotted against ¢ in a
non-logarithmic plot.

6.1. Experiment 2

We evaluate the algorithm performance with the tem-
plate size as the varying parameter.

To keep all other parameters unchanged, we ran the ex-
periments on pairs of images and templates obtained by
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Figure 5. A logarithmic plot of the dual-bound algorithm costs,
broken up into components, as a function of the template noise
level.

©

Figure 6. The image and template in Experiment 2. The template
is marked.

scaling both the template and the image by the same fac-
tor. (The image size itself is not relevant since the com-
plexity components are measured per pixel.) It is evident
from the plot in Fig. 7 that the template size has very little
effect on the run time, In fact the only component which
does increase noticeably is the queue complexity g. The
image and template are shown in Fig 6. The original image
size is 1024 x 1024, and the template size is 64 x 64. A
Gaussian noise of 0 mean with ¢ = 10 was added to the
template. Both image and template were shrunk by factors
of 1,2,4,8,16, and 32.

(= T T ‘ : _
s+ p
[ W/—/@ ||
—o—4§
=3
o) | |—©— Total
S B ]
5
2 | o 1
o L ol |
O | .
100 - ‘ | | -

| |
0 02 04 06 0.8 1
Scaling factor

Figure 7. A logarithmic plot of the dual-bound algorithm costs,
broken up into components, as a function of the scale of the image
being examined. The image is shown in Fig. 6 with the test tem-
plate location marked. The image size was reduced by factors of
1,2, 4,8, 16, and 32. Noise at a constant ¢ = 5 was added to the
template after it was taken from the scaled image each time.

2,500 | [+ EBC |
—o— Dual Bound Alg.
2,000 |- =
3 1,500 | i
@
& 1,000 1
500 |- 8
O - |
| | | |
0 10 20 30
g

Figure 8. Comparison with the EBC algorithm

6.2. Experiment 3

We have implemented the Enhanced Bounded Correla-
tion Algorithm (EBC) as described in [5]. This experiment
was conducted with the same images and templates (a total
of 65 runs) as in Experiment 1. The results are shown in
Fig. 8. They show that the our algorithm outperforms the
EBC, especially at hign noise levels.

6.3. Experiment 4

Typically, setting k& > 1 produces candidates surround-
ing the optimal match. In 9 we show the results of setting
k = 8 in an image with repeated patterns. The match loca-
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Figure 9. The algorithm applied with k = 8. The top image is the
search image with the matching locations marked in black. The
thicker lines on the first two cars are the result of multiple matches.
The template is at the bottom left.

tions returned by the algorithm are outlined in black. Sev-
eral locations overlap, producing the thick outline on the
two vehicles to the right. The leftmost location was found
only once with k at this setting.

7. Concluding Remarks

This paper describes a very fast algorithm for detecting
image locations that match a given template according to
the normalized correlations criterion. The main idea is to ig-
nore image locations that can be proven non-optimal based
on easily computed bounds and an implicit rejection thresh-
old.

The idea of pruning appears in a lot of recent studies.
Examples include [1,3,4,5,6, 10, 1 1]. In order for a prun-
ing method to be effective one has to estimate a rejection
threshold, a step that is typically considered as part of the
overall algorithm. The unique property of our algorithm is
that even though it does not use a rejection threshold explic-
itly, it prforms as well as if the optimal rejection threshold
is known. This comes with an overhead of manipulating
priority queues, but our experimental results still show that
the overall complexity compares favorably with the current
state of the art.

Our estimate of r, the ratio of memory swap cost to arith-
metic operation cost (see Eq. (10) was r = 5. This value
was measured on standard dual-core computers that come
with highly optimized arithmetic logic units (ALU’s) and
floating point units (FPU’s). We expect this ratio to be much
smaller in implementations on simpler hardware such as the
one used in hand-held devices. On such hardware we ex-

pect the performance of our algorithm to improve, when it
is measured relative to the cost of arithmetic operations.
The technique of bounding match measures that was de-
veloped in Section 3 may be of independent interest. The
algorithm itself is general, and can be used in any instance
of pattern matching where it is possible to incrementally
compute lower and upper bounds on matching values.
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